METRICAL THEOREMS ON FRACTIONAL
PARTS OF SEQUENCES

BY
WOLFGANG M. SCHMIDT(!)

1. Introduction. Let C be the additive group of real numbers modulo 1, and
let x - {x} be the natural mapping from the reals onto C. It is clear what we shall
mean by an interval I in C and by the length I(I) of I. Denote the distance of the
real number a to the closest integer by | «||. The image in C of the set of reals ¢
satisfying | & — 6] < e with given 6 and 0 < & <1/2 is an example of an interval
of C of length 2e.

THEOREM 1. Let n=>1 and let P,(q),---,P,(q) be nonconstant polynomials
with integral coefficients. For each of the integersj=1,---,nletI;; 21; 2 -
be a sequence of nested intervals in C. Put Y(q) = I(I,,)--- I(I,;) and

h
(1.1) Y(h) = lelf(q).
q=
Put N(h;ay,---,a,) for the number of integers q, 1 < q < h, with
(1.2) {e;P(@)}el;, (Gj=1,---,n).
Let¢>0. Then
(1.3) N(h; ey, -,a,) = ¥(h) + O(¥(R)'/>**)

for almost every n-tuple of real numbers ay, -+, a,.

The theorem implies, for example, that the number of solutions of
lag—p—0|sq7"

in integers p and q, 1 < q £ h, is asymptotically equal to 2 log k for every a ¢ a(8)
where 6(0) is a set of measure zero. To see this we only have to putn =1, P(q) =g
and to define intervals I, as the images of the sets | £ — 0] < q7 "

On the other hand, let P(q) = aoq®+ --- + a, be a polynomial of degree d > 0
with integral coefficients, let u be real, and let M(h;a) be the number of solutions
in integers p,q, 1 < q < h, of

(1.4) | —p/P(g)| Sq7"
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Then M(h; ) is bounded for almost every o if 4> d + 1; M(h;a) ~ 2| a,|log h if
p=d+1;and M(h;a) ~2 |ao|h** ' "Md+1—p)~" for almost every « if
u<d+1.

To see this, we remark that for u>d and large g, (1.4) is equivalent to
[ «P(q)|| <|P(g)|q *. Thus our interval I, has length ¥(q)=2|P(q)|q™*
=|2a0¢""* + 2a,q°*~ '+ -+-|, and the theorem gives the result. For p=d, (1.4)
becomes |aP(q) — p| < |ao + a;q~ " + -+ |, and M(h;a) becomes 2|ao|h plus
(or minus) the number of solutions of |aP(q)|| < |a;q ™'+ | for 1=<q<h,
whence M(h;o) ~2 | ao[ h almost everywhere. Finally for yu < d our formula for
M(h;a) is in fact true for every a. The readershould have no difficulty in proving
this elementary result.

There can be at most countably many «;’s such that {a;P(q)} is an endpoint of
I;, for some g, and hence we may assume I, to be closed (j = 1,---,n; 9 = 1,2,--).
The intersections J; = ﬂql jq (j=1,+--,n) are then nonempty. The case where
0eJ; for each j is usually called the homogeneous case, the general case the
inhomogeneous case.

Our theorem implies in particular that N(h;a,, -, a,) remains bounded almost
everywhere if W(h) is bounded, while it will tend to infinity almost everywhere
if W(h) tends to infinity. This had teen proved by Khintchine [9] in the homo-
geneous case under the assumption that P;(q) = q (j = 1,---,n) and that qy(q) is
decreasing. Sziisz [13] generalized Khintchine’s result to the inhomogeneous case.
Sziisz’ method involves continued fractions and therefore applies only to the case
n = 1. Before Sziisz, Cassels [2] had shown that Khintchine’s conclusion is true
for “‘almost every inhomogeneous case,’” that is, if (I,,:-,1,,) is replaced by its
translation by a vector (6,,--,0,) of realsmod 1 (¢ = 1,2,---), then the conclu-
sion is true for almost every 6, ---,0,. Thus Cassel’s result was ‘‘doubly metrical.”

Erdés [5] proved for the homogeneous case with n=1, P(q) =g, that
N(h;«) ~ ¥(h) almost everywhere, and the author [12](?) proved (1.3) in this case.
Our generalization from the homogeneous to the inhomogeneous case is not
trivial. We shall choose 8;€J;(j = 1,---,n) and use rational approximations to 6;.
The generalization from linear to general polynomials also causes some difficulty.

Le Veque [10] proved a general theorem where polynomials P(q) are replaced
by general sequences a(q) which have to satisfy a certain condition. However,
this condition is not satisfied for a(q) = ¢, and it is difficult to decide whether it is
satisfied for nonlinear polynomials.

It would be possible to replace (1.2) by ({a;P4(q)},:,{®,Pn(q)}) € H,, thus
replacing products of intervals I, x --- x I,, by somewhat more general sets
H,of C x --- x C.

(2) We use this opportunity to mention two errors in [12]: In Theorem 1 of [12] one has
to assume that the functions y,(g) are bounded. Everywhere in §6 except in $(Q,0), 6 should
be replaced by ©® = (6;...., 6,).
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In §10 we shall point out how cne could prove a more general theorem where
the expressions a;P(q) are replaced by linear forms «;; P;;(q,)+ 4 %P jm(qm)-
A special case of such a result is contained in Theorem 2 of [12].

THEOREM 2. Let a sequence of positive integers a, (1) < a,(2) < --- be given for
i=1,.--,n. Let 0 be arbitrary but fixed, and put

h h
z (h;al’...,an)= E= E=1(ql - qn

1 ¢n

él“iai(‘h) + 0“)-1 .

Then one has for ¢ > 0 and almost every a,, -+, a,
(1.5) (logh)"* ' < X(h;ay, 0, <(logh) " 1+

Using Theorem 2, together with an n-dimensional generalization of a result
of Erdés and Turan [7, Theorem 3], we shall easily deduce

THEOREM 3. Assume the hypotheses of Theorem 1 to be satisfiied, and
assume we deal with the special case P(q)=q(j=1,---,n) and I;;=1;,
=..(j=1,---,n).Write Yy for Yy(1) =y(2) = ---, and let ¢>0. Then

N(h;al’...,a”) = hv/ + O(Iogh)n+l+e
for almost every ay, -+, ay.

Khintchine [8, §3], proved the surprisingly small error-term O(logh)'**
for n = 1, and hence our result is not best possible. However, Khintchine’s method
involves continued fractions and cannot easily be generalized to n > 1. It seems
that Theorem 1 cannot much be improved for nonlinear polynomials. Behnke
[1, Theorem XXV] showed for n =1, P(q) = ¢* and I, = I, = --- = I, say, that
the relation D,(h) = %' sup,| N ((h;a) — hI(I)| </ h is wrong for every a.

2. Notation and simplification. Throughout, [«] will the integral part of the
real number «. U will denote the unit interval 0 < ¢ < 1.

We shall prove the case n = 1 of Theorem 1 in §§2-8. In §9 we shall point out
the necessary changes for n > 1.

The set of a’s in U where {aP(q)} € I, has measure y(g). Assume now that
Y(h) is bounded. Given & > 0 there is a g, such that quo ¥(q) < ¢, and the set
of a’s in U such that {«P(q)} € I, for some g > g, has measure < ¢&. Hence N(h;®)
is bounded for almost every a.

From now on, we shall assume that ¥(h) tends to infinity.

LetOeJ = an. Then each I, is union of 6 and of two intervals Iq' and I, where
1L is of the type 0 < {6 — &} < ¥/'(g), where I is of the type 0 < {& — 6} < ¥'(q),
and where Y'(q) + ¥'(q) = ¥(q). (I} or I may be empty.) Now ¥'(h), ¥'(h),
N'(h;a), N'(h; ) can be defined in the obvious way. One has W(h)="¥'(h) + ¥'(h)
and N(h;a) = N'(h;a) + N'(h; o) for almost every «. Hence it will suffice to prove
the theorem for the case of intervals of type I' and the case of intervals of type I".



496 W. M. SCHMIDT [March

Since the mapping ¢ » — &, § » — 0 transforms intervals of type I' into intervals
of type I', we may restrict ourselves to intervals of type I".
From now on, I, will denote the interval

0<{¢—0} =¥(a).

Replacing P(q) by — P(q) and « by — « if necessary, we may assume that
P(q) > 0, P'(q) > 0 for q > q,. Making a translation by g, we may even assume
P(q) >0, P'(q) > 0 for g > 0.

The introduction of a parameter k is essential for our proof. Put ¢(k,x) for the
number of integers y between 1 and x, 1 £y < x, such that g.c.d.(x,y) < k.
¢(1,x) is the well-known Euler ¢-function.

Given q = 1 there are pairs of relatively prime integers a, b such that

2.1) 1a<q" and [0—b/a|<a™'q "2

This follows from Dirichlet’s principle. For every integer g = 1 we pick integers
a = a(q), b = b(q) with these propertiecs. We define S(k, q) as the set of integers
p where

22) g.c.d.(pa(q) + b(q), P(q)) £ k.

The sets S(k, q) have two important properties:

(1) If pe S(k,q) and p= p’(mod P(q)), then p’ € S(k,q).

(2) The number ¢*(k,q) of integers of S(k,q) in 1< x < P(q) satisfies
o*(k,q) 2 ¢(k, P()).

To prove (2), put P(q) = q;9, where every prime factor of g, divides a and
where g, and a are relatively prime. Now g.c.d.(a, b) = 1 yields g.c.d.
(pa + b,P(q)) = g.c.d.(pa + b,q,) and ¢*(k,q) = q,¢(k,q>) 2 ¢(k,P(q)).

We now put

_ [lifaeUand {a}el,
ha,0 = ‘0 otherwise, !
a0 = XB(g,2P(q) - p),

yk.q,0) = X Blg,%P(q) = p),

peS(k,q)
1

g = j g0,

1

T(k,q) = f vk, g,0)da,

0
1

T(k,,r) = f ¥k gk, 7, ),
0

A(k,q,r) = I'(k,q,r) = Y(@Y(r),
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and

Yuo) = T W)

qg=u+1

It is easy to see that N(h;a) = Zq';l 1(q,®), and we define

N(k;u,v;0) = )y y(k,q,).

q=ut+1

One has

1 ®
@3 T@= [ pa.Paw-pix=Pa) [ pa.P@ix = p(o).
and similarly

24) T(k,q) = Y(g)$*(k.q)P()"".

Summing over g we find

1
2.5 j N(h;a)do = ¥P(h)
0
and
1 v
2.6) f NGu,v0da= 3 y(@)d*(k,q)P(a) ™™
0 q=u+1

3. Deduction of Theorem 1 from two propositions.

PROPOSITION 1. Let 6 > 0. Then

h
3.1 2 (P(g) — ¢(k,P(@))P(q) ™" < hk*™* + K°K’.
q=1
PROPOSITION 2. For every 6 >0
h o h
(3.2 Y X A(k,q,r) < P'T(h) +P(H)K.
q=1 r=1

REeMARK. Here and later, the estimate < holds simultaneously in 4 and k.
That is, the constant implied by < depends only on 6.

We are going to show that Theorem 1 is a consequence of these two propo-
sitions. The propositions will be proved later.

LEMMA 1. Let w,(q), @,(q), @3(q) be positive bounded functions of positive
integers q, and put
h

Qi(h) = Z wi(Q) (i=12, 3).

q=1
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Assume that o, and w; are decreasing, and that Q,(r) < Q;(r) for every r. Then

h
(3.3) gl 0;(q) 05 () < Q([Q (M.

Proof. If Q, is bounded, then so is the sum in (3.3). Hence we assume Q, to be
unbounded. Since w, is decreasing, and since Q, < Q,, one finds by partial
summation that X'_; w,(q) w,(q) £ 2o 04(q) ws(q).

To estimate the latter sum we may assume w;(q) < 1. Put my =0 and for
integral a >0 put m, for the largest m with Q;(m)<a. Then m,2 a and
w(m, + 1) + -+ + 0, (m,4) < 2. Putting b = [Q,(h)] we obtain
h
pX

b
o (Qws(g) = Zo(wl(ma + Daws(m, + 1) + - + o (myy ) ws(mg 4 1))
q a=

1
b b+1

=2 Eo wy(m, +1) =2 Z‘i w3(a) =2Q; ([ (W] + D).
Denote by J, the set of intervals (u,v],0 S u=1-2°<v=(t +1)2° £ 2" where

r, s, t are non-negative integers. Every interval (0,w] where w is integral and

w £ 2" is union of not more than max(1,r) intervals of J,. Given an integer

u >0 put n, for some integer satisfying [¥(n,)] =u, and put n,=0. Since

¥(q) £ 1 and since ¥(h) tends to infinity, such an n, will always exist. Put h,=n,..
For the remainder of this section, k and r will be connected by

(3.4) k=2,
LemMMA 2. Let 6 > 0. Then

1
(3.5) 0= f(N(h,;a) — N(k;0, h,; 0))da < 2
)
and
1
(3.6) PX (N(k; ny,ny;0) —¥(n,,n,))de <2747,
(u,v]el, V]

Proof. Formulae (2.5) and (2.6) yield

hy

1
S, = J:) (N(h,;@) — N(k; 0, h,; @))doc = ) ¥(a)(P(q) - ¢*(k,9)) P(9)™"

h,
s §1 ¥(g)(P(q) — $(k, P(@))) P(9) ™"

We now put
01(2) = ¥(a), ©(9) = (P() — ¢k, P@NP(@) ™", w3(g) =c(k*™! + ¢*~'K?).

Proposition 1 shows that Lemma 1 is applicable if ¢ > 0 is chosen large enough.
Under our conditions we actually obtain the bound 2Q,([Q,(h))] + 1). Hence



1964] FRACTIONAL PARTS 499
Sr <\P(hr)k6—l+\1;(hr)6k 6< 2r+r(6—1) + 22r6 < 2 2r¢§

This is true for every 6 > 0, and hence (3.5) is proved.

NGk u,030) —¥(u,0) = 3 k0.9 = V(@)

q=u+t

Hence by (2.3), (2.4) and the estimate just derived,

fl(N(k;u,v;a) —¥(u,v))’da
(1]

M-

)

=u+1 q'

. l(F(k,q,q’) = I'(k,9)¥(q") — T'(k,q")¥(a) + ¥(9) ¥ (")

q

v

=Y ¥ Akq)+2 X% V@U@ Q) * () Po)”!

g=ut+l q'=ut+l q=u+1 q'=u+
v v v

< X X Akgq)+ X w@n”.
q=utlq’'=u+l q’'=u+1

We first consider the part of the sum (3.6) where (u,v] are intervals of J, with
fixed s (see the definition of J,). These intervals cover (0,2"] exactly once, and
hence the corresponding intervals (n,,n,] cover (0, h,] exactly once. Our part of
the sum (3.6) has the upper bound

h

2

1

hr hr
2 A(k,g,q)+2"L ¥(g) <¥(h)' T +E(RK + 27°W(h,) < 277
a'=t a=1

q

Summing over s from 0 to r we find the bound <r2"*" for the sum (3.6). Since
6 > 0 is arbitrary, Lemma 2 is proved.

LeMMA 3. Let & be positive and fixed. Then there is a sequence of subsets
04,05, of U with measures

U, =f da<r”?
such that
N(n,;0)=¥(n,) + O(r22">*"%)

for every w £ 2" and every a € U which is not in o,.

Proof. We define o, to be the subset of U where not both of the following
inequalities hold:

(3.7) 0 < N(h,;a) — N(k;0, h,;0) < r?2"2
(3.8) X (N(k;nyn,;a)— P(n,,n,))? < r22rtre,

(u,v]ed
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Lemma 2 implies u, < r~ 2. Every interval (0,w], w <2', is union of at most
max (1, r) intervals of J,, hence (0,n,,] is union at most max (1, r) intervals (n,,n,]
where (u,v]€J,. Thus N(k;0,n,;0)—¥(n,)= X(N(k;n,,n,;a0)— ¥(n,n,),
where the sum is over at most r + 1 pairs (u,v] € J,. This relation together with
(3.8) and Cauchy’s inequality gives for a € U, a¢a,

(3.9) (N(k;0,n,;0) — W(n,))? < r¥(r + 1)27+7.

Lemma 3 is a consequence of (3.7)7and (3.9).

Proof of Theorem 1. Since Xr ~? is convergent, there exists for almost
every a€ U an ry = rq(«) such that a¢ g, for r = ry. Assume o has such an ry,
and assume w > 2. Choose r such that 2"~ <w <2". Then r>r, a¢o,,
and Lemma 3 implies

N(n,;a) = ¥(n,) + 0(r?272*"%)
(3.10) = ¥(n,) + O(w'?**?log?w)
= ¥(n,)+O0(¥ */**%(n,)log>¥(n,)).

Since ¥(n,,+,)= ¥(n,) + 0(1), (3.10) is true for arbitrary integers h and not only
the n,’s. And since 6 > 0 was arbitrary, we find

N(h;) ="¥(h) + O(¥(h)'/***)
for almost every a € U. Hence (1.3) is true for almost every a.

4. The number of solutions of P(x) = 0 (mod d). Put D(g) for the number of
positive divisors of g. As is well known,

4.1) D(g) <4’

for every 6 > 0. Put z(d) = zp(d) for the number of solutions of P(x) = 0 (mod d).
Here, as always, P(x) is a nonconstant polynomial with integral coefficients.
Define the discriminant A of P(x) in the usual way if P(x) is nonlinear, and put
A = oy if P(x) =agx + a,.

LEMMA 4. Let P(x) be a polynomial of degree f and with discriminant
A # 0. Then zp(p*) < f A for every prime-power p*.

Proof. For linear P(x) it is well known that z(m) < g.c.d.(m,A) S A < fA2.
The case where P(x) is nonlinear and primitive, that is, where the coefficients
of P(x) are relatively prime, is Theorem 54 of [11]. A proof can be found there.
In the general nonlinear case one has P(x) =cQ(x) with primitive Q(x),
whence zp(p") < czo(p") < of A%< fA%p.

COROLLARY. Let P(x) be a polynomial with no multiple factors. Let 6> 0.
Then
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4.2) zp(d) < d°.
Proof. The set t of prime-powers p* such that p*® = fA? isfiinete. For every d,

2(dyd? < T z2(p7™ <1
ket
Given an integer g > 0 we define a function #(d) of positive integers d as follows:
¢(d) is multiplicative, and é(p***”) = p**! if p is a prime and 1<y <g. Our
function has the property that d|m¢ implies  (d) | m.

LEMMA 5. Let P(x) be a nonconstant polynomial, g a positive integer and
s > 1. Then the two sums

0

(4.3) L zp(d)d ~*
dnd
(4.4) }51 @

are convergent.

Proof. There is an integer m and a polynomial Q(x) without multiple factors
such that P(x) | Q(x)™ Now P(x) =0 (mod d) implies Q(x) = 0(™(d)), and hence
zp(d)d "1 < zQ("'(d))("'(d))‘l. Thus one has for d = p™*? where p is prime
and0<y<m,

zp(d)d ™ £ zg("(@) ()71 T = zg(pt ) pt T mEEN T
< fAép—x(m(s— 1+1)—-y(s—1)—-1 SfAZQp-sx—s.
This implies
00 0
)51 zp(p)p™ % < mf Aépf‘xz:op""é ep”’.

Since the product [[,(1 + ¢p *) over all primes p is convergent, the convergence
of (4.3) follows.
The convergence of (4.4) is proved similarly.

5. Proof of Proposition 1. The FEuler ¢-function ¢(x)=¢(1,x) can be
expressed ¢(x) = x X2, 4(y)y *, where u(y) is the Moebius function. Now

¢(k,P(@))= X ()¢(P(q)x“)= X Px' X ouyyh

x<k; x| P x<k; x| P(q) y|P(@)x~1
hence
h h
Tin= X ¢kP@)P(@ "' =X X x"V X uyt,
q=1 q=1 xsk:x|P(q) yIP(@)x~1

X x' X ouwyyt X o1

xSk; xS P(h) ySP(h)x~1 q=h: xy|P(q)
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The number of g < h such that xy|P(q) equals hz(xy)(xy) ~'+ 0(z(xy)).
Therefore

Toa=h X ) z(xy)(xy)"u(y)w( > z(xy)(xy)")

x<k;xSP(h) ySP(h)x~! xSk ysSP(h)
= hU; 4 + O(V 1),

say. Putting xy = w and using (4.1) with 6 = ¢/2 and Lemma 5 with s =1 +¢/2,
¢>0, we find

Upn = )y zwyw 2 X u(y) + 0(2 z(w)w'zD(w))
ylw k

wsk; wsS P(h) w>

=1+ O(k"“‘ (w:z(w)w'l"/zD(w)w“/z )) =1+ 0(K"1).

Similarly,

VinS X z(w)w 'D(w) < P(h)°k® E (z(w)w™ "2 D(w)w™*/?) < P(h)*k".
wS P(hk w=1

Combining our formulae and observing that ¢ > 0 was arbitrary we obtain
Ty» = h + O(hk®~* + h®k?), thereby proving the proposition.
We use the remainder of this section to prove four related lemmas.

LeMMA 6. Let P(x) be a polynomial of degreef > 1, and let ¢ > 0. Then
h
W,= X P(g)~* X2 d X 1<h
q=1 dIP(q);d<q" ™~ r=g;d|P(r)

Proof. Choose § > 0 so small that 26f < e(1 —f~1).

There is an integer g = 1 and a polynomial Q(x) with no multiple factors such
that P(x)| Q(x)*. We may choose g <f. Now d|P(r) implies £(d)| Q(r), hence
the number of r < g with d |P(r) is not larger than (q(®(d)) ™! + 1)z4(*(d)) and
therefore by the corollary to Lemma 4 not larger than

<@C@) '+ DA’ (gd M + 1)a’ < (gd™ M +1)d’
Using D(P(q)) < q”° we obtain

h
VVh < Z q-f 2 (qdl—llf+6+dl+6)

g=1 d|P(g);d<q’ "

h
< 21 D(P(q))(g~/ H1HUUI+DU=0 4 FI+U+8(I=0) )
a=

A
M=
o

26f—-¢e(1-1/f) < h.

4=
LemMA 7. Let P(x) be arbitrary and 6 > 0. Then 2;'=1 24|P(q)d-6 < h.

Proof. The part of the sum where d = ¢ is not larger than
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h
X q7°D(P(9)) < h.
q=1
The part of the sum where d < g is estimated by

h h 0

xd?* X 1< XY d%hd 'zd)<h X 2(d)d "% <h.

d=1 d<g<h;d|P(q) d=1 d=1

LeMMA 8. Write D,(x) for the number of positive divisors of x which are not
larger than k, and let 5 > 0. Then

f Di(P(q)) < hKk’.
g=1

Proof. We break the sum into two parts, Xoo$® + X, _,, where the
second part may be empty. For g contributing to the first part of the sum,
Dy(P(¢)) £ D(P(q)) < k°,and we obtain the desired estimate. The second partequals

Y D(P@@) = X Y 1= X hd'zd)
k<qsh dsk k<qsh;d|P(q) dsk
< WY z(d)d 7% < hi’.
d=1

LEMMA 9. Write D(x,y) for the number of common positive divisors of
integers x,y # 0,0. Let P,(x),P,(x) be polynomials with integral coefficients
such that P(x) # 0 for x > 0. Then

T
(5.1) Xyiw, = X X D(P,(qy),P,(q;) < hyh,.

a1=1 q2=1
This estimate holds simultaneously in hy, h,.

Proof. It is sufficient to prove (5.1) with P;(x), P,(x) both replaced by the
product P,(x) P,(x). We may therefore assume P,(x) = P,(x) = P(x), say. There
is an integer g > 0 and a polynomial Q(x) without multiple factors such that
P(x)| Q(x)*.

Let o be the set of positive divisors of P(x) where 1 < x < min(h,,h,). The
number of elements of ¢ is < (min(hy,h,))'*? for every 6 > 0.

xh,,h,gz( )3 1)( T 1)

des \q15hy;d|P(q1) q25h2; d|P(q2)

E (qngh:;zv(d)m(m : ) (nghz;vzw)m(q)z 1)
2 (@) + D(h((@) ™ + D 25((d)

des

< X ((F@) 7+ D((@) T + D@

dea

IIA

lIA
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Using the distributive law we can break this sum into four parts, and Lemma 5
implies that each partis < hh,.

6. Estimates for A(k, q, r). In what follows, d* = d*(q, r) will mean
g.c.d.(P(q), P(r)). Put B(k,q,r) for the number of pairs of integers p, s, pe S(k,q),
se S(k,r), 0 £ p < P(q), such that

| P(@)(s + 6) — P(r)(p + 6)| < min(d*, P(q) Y ().
LemMa 10. For r < g, A(k,q,7) < ¥(q) P(¢9)” " B(k,q,7).

Proof. All the expressions P(q)s — P(r)p are multiples of d*. Write C(l,k,q,r)
for the number of pairs p, s, pe S(k,q), seS(k,r), 0= p < P(q) such that
P(q)s — P(r)p = ld*. The congruence P(r)p=Id* (mod P(q)) has d* solutions
in p, and therefore

C(l,k,q,r) < d*.

By definition,

[(k,q,r) = X )3 B(q, P(q)x — p) B(r, P(r)a — ) dor.

peS(k,q) seS(k,r) JO

We now make the substitution P(g)a’ = P(q9)a — p — 0. Then
P(r)a — s = P(a’ + 0 — (P(q)(s + 8) — P(r)(p + 0)) P(q) " and

I'(k,q,7)
1=(p+0) P()~ !

= X z B(q, P(q)a’ + 0) B(r, P(r)o’ + 6

peS(k,q) seS(k,r) J —(p+6) P(q) ™!

— (P(q)(s + 0) — P(r)(p + 0)) P(q) " )de’
=X C(l,k,q,7)
l

: f " B, P@e + 0B P()a + 0~ 1d* + (Blg) — P() ) Pla) ) de
= 2 C(ls k9 q, r)D(q’ r, ld* + (P(q) - P(r)) 0)9
1

where D(q,r,t) = ffoo B(q,P(q)x + 0) B (r,P(r)a + 0 — tP(q)~ " )do.
For the following estimates we recall that B(q,£ + 0) is the characteristic
function of 0 < ¢ < Y(q). We note

[ @i =v@we)
as well as 0 < D(q,r,t) £ Y(q)P(q)~! and the fact that D is zero outside the
interval (— P(q)¥(r), P(r)¥(q)), hence in particular if |t]|2=P(q)y(r).
Furthermore, D(q,r,t) is decreasing for ¢ > 0, increasing for ¢t < 0. Hence
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I'(k,q,r) = d* )2 D(q,r,ld* + (P(q) — P(r))0)

L; |ld*+(P(q)~ P(r))0]| 2d*

+ E C(l,k,q,r)D(q,", ld* + (P(Q) - P(r))e)

I;|ld*+ (P(q) — P(r))0]| <d*
6.1) .
< f D(g, 7, 2d* + (P(q) — P()0)dA + (q) P(g) ~B(k, q,)

= Y(@v(r) + ¥ (q) P(9) ' B(k,q,7),
and the lemma follows.

Put E4k,q,r) for the number of peS(k,q), seS(k,r), 0 < p < P(q) with
|P(@)(s +6) — P(r)(p + 0) | < P(q)q ™ 'd*".

LeMMA 11. Let P(q) be a polynomial of degree f> 0, and let e =1 if f =1,
e>0iff>1.Let 3> 0. Then

62) ) éln/z(q)P(q)"B(k,q,r)<~P(h)“‘

h

+ X X V(@) P() " ‘Ex(k,q,7).

q=1 r<q with d*zqf -~

Proof. Choose §; > 0, 5, > 0 such that 5, + 1/, < 6. We shall use the easily
proved estimate

(6.3) B(k,q,r) £ 2d*.

We consider four parts X, X,, 23, Y, of the sum we want to estimate.
X, : d* <g’~*. We may assume f > 1, since d* < g/~ % is otherwise impossible.

X 52 ) Y WgP(g)tdr

g=1 rsq with d*<qf -
h

2 X y@P@™t X d X 1

q=1 d|P(q);d<gf - r<q; d|P(r)
Using Lemma 6 and partial summation we obtain X, < W(h).
X, d* <(g/n"1.

Y Bkgr < X > d< Yd X 1

r<qd*%t d|P(q) r<qd~%1;d|P(r) d|P(g) xS P(gd™%);d|x

< X dP(q)d '

d|P(q)

h
T, < X @ T a7 < ¥

1 d|P(9)

by Lemma 7 and partial summation.
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Y, d* < ¥(g).

Z d2 B(ka q, r) < 2 Z d
r<q with d*<¥(q) d|P(q); d<¥(q)®2 rsq;d|P(r)
< > d Y 1

- d|P(q); d<¥(9)%2 xS P(9):dlx

IIA

) dP(q)d™' =P(q) X 1.

d|P(q); d<¥(q)°2 d|P(q); d<¥(q)%2

Putting | = W(h)’? we obtain
h
23 < §1 ¥(q) D,(P(q)).

Lemma 8 together with partial summation gives X5 < W(h)!*2.
Yo d*=q778, d* = (g/N"", d*=¥(¢)*>. Under these conditions,

P()y(r) £ P(9)Y(qd*"**(}) = P(q)q 'd***qd* **y(qd*™*") = P(q)q~'d**
W(q) < P(q)q 'd**** 12 < P(q)q~'d*’; therefore B (k, g, 1) < E;(k, g, 7).
Obviously, X, is bounded by the right-hand sum of (6.2).

7. Proof of Proposition 2 for nonlinear polynomials. In the case of polynomials
of degree f > 1 we may use Lemma 6, which ceases to be true if f = 1. On the other
hand, much of the preceding discussion could be simplified forf = 1.

We assume now f > 1.

We define (x, y; k) by

g.c.d.(x,y) if this divisor is = xk ™!,

(x,y3k) = :0 otherwise.

LEMMA 12. Assume that 6 >0 is so small that f —1/2<(f—1/4)(1 — ).
Further assume q> qo(P,8), r<gq, d*=g.cd.(P(q),P(r)) =q’~'/* Then
(7.1 Ey(k,q,r) < (P(q), P(r); k).

Proof. Put c=|ao|+ -+ + |a,|, where the a;’s are the coefficients of P(g).
Choose g, so large that the two inequalities

- —-1/4)(1-6
gil* > 2¢, 2eqll? < g{-UHU=D)

hold, and let g = gq,.
The numbers a = a(q), b = b(q) satisfy

§=b/a+R, |[R|<a™lqg™V% ax<q"?
and

(1.2) 2caq"1§2cqf'“2<q(f'”4)“"’) gd*“".

(3) For 0 £ a < 1 define ¥ (n —a) = (n).
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E4k,q,r) is bounded by the number of pairs p,s, 0 < p < P(q), pe S(k,q)

satisfying

| P(g)s — P(r)p + (P(q) — P()(b/a + R)| < P(q) g~ 'd*’.
This equation together with (7.2) yields

| P(9)(s + b/a) = P(r)(p + b/a)| < P(g)q”'d**+|P(q) — P(r)||R|
(7.3) < g’ 'd* 4+ cqfa g7 V2

< d*/2a+q’ "Y*%2a < d¥/a.

The left-hand side of (7.3) is an integral multiple of d*/a, hence it must be zero.
(7.4) P(q)(as + b) = P(r)(ap + b).

It remains to estimate the number of solutions of (7.4) in pairs p,s, 0 < p<P(q),
p e S(k,q). Putting P(q) = d*P(q)* we find that (7.4) implies

ap + b=0(mod P(q)*).

Since a and b are relatively prime, this congruence has at most one solution in p
modulo P(q)*, hence at most d* solutions in 0 < p < P(q). On the other hand,
the congruence gives g.c.d.(ap + b, P(q)) = P(q)* = P(q)d* ', while pe S(k,q)
implies g.c.d.(ap + b,P(q)) < k. Thus Eyk,q,r) is zero unless d* = P(q)k™!.

Lemma 12 is proved.

Proof of Proposition 2 (f > 1). We may assume that § > 0 is so small that
f—1/2<(f-1/4)(1 — ). Combining Lemma 10, Lemma 11 with ¢ =1/4 and
Lemma 12, we obtain '

h h h q
X X Ak,q,r) <P+ X Zl://(q)P(q)*‘(P(q),P(r);k).

q=1 r=1 qg=1 r=

Using Lemma 8 and partial summation we find

i z P(g)"'(P(q), P(); k) < Zh:P(q)'1 ) d X 1
=1 r=1 =

q q=1 d|P(q);dZP(9)k~! rsgq;d|P(r)
h
< XPgt X dP(g)d ~*
q=1 d|P(q);dz P(q)k~!
B
=X X 1

q9=1 d|P(q);d=sk

h
= X D(P(q)) < hk’
g=1

and

h q
)51 )51 ¥(9) P(9)™ ' (P(9), P(r); k) < W(h)K.
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8. Proof of Proposition 2 for linear polynomials.

LEMMA 13. Let P(x) be a linear polynomial, let 0 <d<1/4, q=1 and
d*|P(q). Then

qifd*z P(pk,

x —1/4 * 1/2
8.1 pX Eyk,q,r) < qd td*+q" + { 0 otherwise.

r=q; (P(q), P(r)) =d*

ReMARK. The constant involved in the symbol < depends on P(x) only.

Proof. Put ¢ =|ao|+ |a,| where P(x) =aox + a,. The relation
| P(q)s — P(")p + (P(q) — P(r))0| < P(q)q " 'd** < cd*"/* in the definition of
Ey(k,q,r) implies | (P(q) — P(r))d*™'0| < cd* **. Given an r such that the
last inequality holds, there are at most 2¢ integers [ with

|(P(q) — P(r)d*~10 — 1| < cd* 3",

Given r and 1, P(q)s — P(r)p = ld* has at most d* solutions in p, 0 £ p < P(g).
Putting

_ [ Lif [|(P(q) — P(r))d* 10 < cd*™ %%,
~ | 0 otherwise, .

F(q,r)

we thus find
(8.2) Ey(k,q,r) < d*F(q,r).

Assume now that r runs through those values between 1 and g where d*| P(r).
Then P(q) — P(r) runs through some or all of the numbers 0, d*, 2d*, ---,
[aoq/d*] d* = g*d*. Thus if we put G(q,d*) for the number of integers x in
0 < x < g* satisfying

(8.3) [x6] < cd*'3/4,

then

(34 Y F(g,r) £ G(g,d*).
r<q;d*|P(r)

We now distinguish three cases: 4, Band C.

A. 2ca(q) = d*'/*. How often does (8.3) hold when x runs through an interval
m < x £ m + a(q)? Putting 0 = b/a + R and x = m + y, the inequality becomes
| m6 + yb/a + yR| <cd* ** and this implies |m@+ yb/a| <cd*™>*
+a|R| < cd*™**+ g2 The number of solutions of (8.3) for x in an interval
of length a is therefore < (d* ™ 3*+ ¢ "*)a +1 <d*"**a + 1. Hence

G(g,d*) < (@* a+ 1)(g*a™! + 1) < g*d* 4+ ¢ 2a* P 4 1,
and
da*(G(g,d%)) < qd*~/*+ a*.

(8.1) now follows from (8.2), (8.4) and the last inequality.
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B. 2ca(q) < d*'%, 2aq*|R| 2 1. Putting 6 = b/a + R again, we rewrite (8.3)
as | xb/a + xR || < cd*~*/*. This implies that

(8.5) |m/a + xR| < cd*3/*

for some integer m. For tixed m the number of solutions in x of (8.5) is at most
2¢d*7**|R| ™! + 1.On the other hand, x < g*, whence | m | < cad*~**+ ag*|R|.
Thus

G(q,d%) < (d*¥*[R|™" + 1)(ad*~¥* + ag*|R| + 1)
< a’q*d* 3% 4 ad* 3% 4 ag*d* 7t 4 q*qV? 4 2aqrd* T34 + 1
< a’q*d* 3% 4 grqT? 41
and
d*G(g,d*) < qd*~1* + q'1? 4 q*,

C. 2ca(q) < d*'%, 2ag*|R| < 1. Ey(k,q,r) is bounded by the number of
solutions in integers p,s, 0 < p < P(q), peS(k,q), of

|P(q)(s + b/a) — P(r) (p + b/a) + (P(q) — P(r))R| < cd*!/4,
Now for r<g, d*|P(r), one has | P(q)— P(r)| < q*d*, and we obtain the inequality
| P(q)(s + b/a) — P()(p + b/a)| < cd*"'*+ g*d*|R| < d*/2a + d*|2a = d*/a.

Just as in the proof of Lemma 12 we may conclude that (7.4) holds, and we obtain
(7.1). The number of r < q with d* | P(r) is < qd*', and therefore

q if d* 2 P(q)k ',
,éq;a ,,(,)E"(k’q’r) < 10 otherwise.

Proof of Proposition 2 (f =1). We may assume 0 <d <1/4. By applying
Lemma 10 and Lemma 11 with ¢ = 1 we obtain

h h h q
L L A(bg.)<¥®'™ + X X (@) P@) " Esk.a.n.
g=1 r=1

q=1 r=1
By Lemma 13,

h ok

2 E P(q)_lEa(k9q’r)

a=1 r=1
h h

< Xg 'Y (@ tdrt+g+ —

q=1 d*| P(q) q=1 d*|P(q); d*2 P(q)k

h h h
<X X atty §lq"”’D(P(q)) + ZIDk(P(q))

a=1 d|P@ =

< h+h+hk® < hk’.
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Here we used (4.1) and Lemmas 7 and 8 to estimate the last three sums. Proposi-
tion 2 now follows by partial summation.

9. The higher dimensional case. Most of the arguments used for the case
n =1 carry over immediately to n > 1, but some of them have to be modified.

We may assume that I, is of the type 0 < {&; — 0} < ¥;(q). For each of the
integers j=1,---,n we can now define ayq), bib), Sik,q), B{q,x),
v14,®)), -+, T j(k,q,r).For given g,r we write dj for the greatest common divisor
of P;(g) and Pr), and we may now define Bjk,q,7),---,Ejsk,q,7), Fi(q,r),
Gj(q’d;)* We put f(q,%;,-+,0,) = Hjﬂj(qaaj)’ g, 2y, 5 ,) = nj)’j(qs“j), *
T'(k,q,r) = [];T;(k,q,r), and we define A(k,q,r) as in paragraph 2.

ProrosITION la. Let § > 0. Then

h

El(Px(q) + P(@) = ¢(k, P1(@)) -+~ d(k, P(@))) (P1(q)-Po(@)) " < hE*™! + h'%k’.

a=
PROPOSITION 2a. Let 6 > 0. Then (3.2) holds.

The argument of paragraph 3 can be used to deduce the general theorem from
these propositions.
Proposition 1a follows from Proposition 1 and

PL(@) - Po(a) — $(k, P (@)~ (K Po(@)
= £ i Pyoi(B= BaPYBPs)  blk Py

(6.1) now becomes
Lik,q,7) S Y (@Y (r) + Wj(Q)Pj(‘I)_lBj(k,‘I: r,
and therefore for r < g

A(k,q,r) £ X X H(k,q,r;m,A,),

m=1 A,

where A,, runs through all divisions of the integers 1, ---, n into two classes iy, -+, i,
and jla '“’jn—m’ and where

H(k’ q,r;m, Am) = lp(q) H (Pi_,l(q)B;,(k, q, r)) ]._‘[1 .l’j,(r)'
s=1 t=
For reasons of symmetry it will suffice to estimate H(k,q,r;m,A}), where Al is
the division with i, = 1, -+, i,, = m. We shall use
(91) Bi(kaqsr) .S_zd’: (l = L"'an)'

LeMMA 14. Let m > 1. Then

h q
Y X H(k,q,r;m,Ad) < ¥(h).

q=1 r=1
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Proof. We use the estimate
H(k,q,r;m,A%) < ¥(q) Pi(q) " 'Py(q) ~'d}d5.
By Schwartz’ inequality,

h q
Y, = L X P(q) 'diPy(q)"'d}

q=1 r=1
h q 1/2 h q 1/2
<(rt pa@ar ) (22 P )
q=1 r=1 q=1 r=1
Now
h q h
Y Y P@g ¥ TP *Xa X o1
q=1 r=1 q=1 d|P(q) rsq:;d|P(r)
h h
< XP@g? X dPgdt =X X d'<h
q=1 d| P(q) q=1 d|P(q)

by Lemma 7. Hence Y, < h,and Lemma 14 follows by partial summation.
Everything can be completed as in the case n = 1 once we have shown

LeMMA 1la. Let ¢ =1 if the degree f, of Pi(x) equals 1, >0 if f; > 1. Let
0> 0. Then

h q
Y X H(k,q,r;1,A))

q=1 r=1

<¥(m)'"’+ X ) ¥(@)P1(a) Erslk,q,7)-

g=1 rsqwithd}zq’t~-
Proof. Choose 6, >0, 5, > 0 such that 6, + 1/6, < 6. We write
x1(9) = ¥2(9) -+ ¥,(g) and put

h
¥(h) = E:l v1(9),

h
Xy = X 1@

Since both ,(q) and x,(q) are decreasing, one has
9.2) h¥(h) 2 ¥ (h) x1(h).

H(k,q,7;1,A%) equals Y(q) P1(g) " 'By(k, g, 1) 11 (7).

We consider four parts of the sum we want to estimate. X, consists of terms
with d* < g/*~% X, of terms with d} < (g/r) */°3 X5 of terms where df < ¥,(9)%,
and X, consists of the remaining terms, that is, terms where df 2 g’
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df = (g/P'°,dt =¥,(¢9)”>. For the parts X, X,, X, We estimate
H(-+-) £¥(q)Py(q)"'B,(k,q,r) and proceed as in paragraph 6. The difficulty
lies in estimating X,.
Let d|P,(q) and denote the numbers r having r <gand d|P,(r) by r, <r, <---<r;.
One has j<P,(g)d "' and r;2 c(jd)'""" = ¢'djP(q)™" q for large q. Hence
X 5, B1(k,q, 1) %, (r) < X P X x1(r)
r<q with d3<¥1(a) d|P\(9);d<¥1(q)  rSq;d|Pi(r)

< pX 5 d JCl(q)Px(‘l)q_1 at

d|Pi(q);d<'¥1(q)

1(D)P1(@)a™ ' Dy(Py(9))
with f =f(q) = ¥,(¢)**. Hence

h
3 L, < Zl ¥(@)q~ " X1(9) D (Py(q))-

q =
We estimate the last sum in three parts, which overlap somewhat.
T, : W(q) = q'/*%%. Unless this part is empty, there is a largest ¢ < h in T,
say ¢;. By (4.1),

q1 q1

T, £ thlf(q)D(Pl(q))< Zldf(q)q"’“’ < ¥(q,)q,*"

q= =

< Y)Ykt
T, : 1:(q) £ ¢~ /%2, Again using (4.1) we obtain

h
T, < X y(g)g~*02q1 402 = P(h).
q=1

Ty : ¥(q) < ¢'/*, X,(q) > q' ~'/**>. We denote the set of ¢’s involved by o,
by h, the largest element of o, and we write g(q) = ¥(9)q ~'x1(g). Observing
(9.2) we find ¥,(q) < q*/*** and f(q) < q"/* for g € 0.

Ty = X g(@)D;(Py(q)) = X > 8(9).

qec d=<f(h1) qeq:d|P1(q); f(9)2zd

Let Xy, ...,X,q be the solutions of P(x) = 0(modd). Since g(q) is decreasing,
one has

)> gpsga)+dt X g,

qeo; f(g)24d; g=xi(mod d) f(9)zd

where g; is the smallest g =x; (modd) such that geo and f(q) = d. Since
f(q) £ q'/% one finds g; = d>. Therefore

> g@ Sz dg@) +z(dd™t L g9

qeo° f(q)=d: d|P1(q) f(q)2d
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Observing z(d) g(d?) < dg(d?) < X4 ,_1)2+18(q) we obtain

d2
Ty < Z( T g@+zddt X g(q))

dsf(h) \q=(d—-1)2+1 f(9)zd

S3(ht) h
< X v+ Zlg(q) Y z(dd!

q a2 f(q)

—

h

<¥Y(h) + X g(q) ¥’

q=1
by Lemma 5. (9.2) finally yields
h
Ty < Y(h) + X ¥(9)(q ™ '1u(@) "W’ <¥(h)' "
q=1
Lemma 11a is proved.

10. Linear forms. We restrict ourselves to the case of one form only.

ProrposiTION 3. Let P,(q,),*+,P,(q,) be nonconstant polynomials,n+1, and let
I,,,...q. be intervals of C (¢;=1,2,---; i=1,---,n). We assume that the length

of I, ... is ¥i(@)V¥2(q2) - ¥a(gs), where Y(x) are decreasing functions
(i=1,.--,n), and we put

h
¥i(h) = 2;'1 vila)-

We write M(hy, -, h,;04,--,0,) for the number of solutions of
{alpl(ql) +-e+ anPu(qn)} qul,...,q,.’ Where 1 é qi é hi (i = 1) "'sn)' Let &> 0'
Then for almost all ay, -+ ,a,,

M(hl, *tty hn;ala ""an) = ‘Pl(hl) ot ‘Pn(hn) + O(Tl(hl) o \I’n(hn)) 1/2+e.
This estimate holds simultaneously for hy,-, h,.

Proof. We restrict ourselves to a few hints. The reader might compare para-
graph 6 of [12]. We assume n > 1.

We put ﬁ(ql""9qn’¢) equal to 1 if {6} qu1 .....
wise. I'(qy,**,qn; 71, > 1) Stands for the integral

f:"' J;l( E(ﬁ‘ha **sqns Zaipi(‘Ii)_P)) (szﬁ("n s Tps Zaipi(ri)_s)) doy -+ da,,

and A(qy, -+ qp; F15 -+, 1) for

r(ql’ ) rn) - 'Ill(ql) ot '/’n(qn) d/l(rl) o 'pn(rn)°
PROPOSITION 2b. T2, o T A(qy, 1) < Wy(h) -+ W, (h,).

4. and e U, B(---) = 0 other-
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To deduce Proposition 3 from Proposition 2b we put
M(hy, - by gy ooy Koty e,0)

for the number of q,, -+, q,, b; < ¢; £ k; (i=1,---,n) suchthat{ 2o;P(q; DYely, ..
and we put W;(h,k) = 2,,<qs,,.p (q). We choose integers m} = mi(r, ,--, r,,) such
that [27**"™"" W (m;)] =u The following two lemmas are now used.

LEMMA 2b. Let 6 > 0. Then one has for T =T, . .,

Z ot Z (M(m,“, " u,. malyna"'am:,,;al""’an)

(u1v1]eJ (unvnleJ
1 1
- \Pl(mul’mvn) lPn(’nz”’ m:,‘ )zdal b dot,,
< 2(r|+...+r,,)(l +3)

LeMMA 3b. Let 6 > 0. There are subsets o,
U x -+ x U with measures

-2 -2
Heyoooirn Kry“er,

such that
M(m‘l;'p“'smwn,,;al’ '”’an) = Tl(mu%l) o \Iln(m‘:,,) + O(rf"' r:z(rx+...+r,.)(l/2+6))

for every wy, -, w, with w; L 2"+ " (i=1,-.-,n) and (ay,+,,) in Ux - x U
but notino, ., .

To prove Proposition 2b we require

LemMMA 10b. A. If the matrix

(Pl(ql)”“sPn(Qn) )
Pl(rl), ""Pn(rn)

has rank 2, then
A(qys++>1s) =0.

B. If the matrix has rank 1, then
A(qh "'9rn) = '/’1(‘11)"‘!/’;.(‘1")1’1(‘11)_le(‘h, ""ru),

where By(q,+-,,) is the number of solutions of |P1(q1)(s+ 0)—P,(r)(p+ 0)| <d}
in integers p,s,0 < p < P,(q,), Where 8, @' are the left endpoints of

) (P SRR respectwely, and where d*= g.c.d.(P,(q,), P,(ry)).

We leave the proof of A to the reader. As for B, we make the substitution
0y = &ay000s 0ty = &y Xo;P(q) = &4Py(q,), hence Zaipi(ri) = £ Py(ry). When
&,, -, &, is fixed, £, ranges in an interval of length 1, and I" equals
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fol (D01 wan eiPita) = p) ) (0o P = 9)

This one-dimensional integral can be estimated by the method of paragraph 6.

The proof of Proposition 2b now proceeds as follows. We may restrict ourselves
to terms r, < gq,. For fixed ¢q,:--,q,, let A = g.c.d.(Py(q,),--,P,(q,) and
P(q;) = P(q)*A (i=1,---,n). In view of Lemma 10b we may restrict ourselves
to r; < q, where P(r,) is of the type IP,(q,)*, whence d}= P,(q,)*(A,]). Since
B(qy,-,ry,) < 2d}, one has

2 2 A(ql, ot ’rn) =4 Z 2 ‘/’l(q)l ‘//n(qn) 2 l(ql)—l(Pl(ql)*(A’ l))

q1=1 rp=1 q1=1 gn=
hy

‘I

q1=1

IIA

h,
{3 ¥1(q1) -+ ¥x(q,) D(A)

IIA

h] 'l2
4 ( 21 2=1 ‘/’1(‘11)W2(42)D(P1(‘11),P2(42»)
T3(h3) o ‘Pn(hn)

Using Lemma 9 and partial summation both for the sum over ¢, and over g, we
obtain

hy

X E ¥1(q0)¥2(92) D(P1(q1); P2(q3)) < ¥1(hy) Wa(h,).

q1=1 q2=1

11. Theorem 2. To prove the lower bound in (1.5) we shall need

PROPOSITION 4. Let a(1) < a(2) < --- be a sequence of positive integers and put
M ((h;0) for the number of q < h such that {«a(q)} € I. Then for ¢ > 0 and almost
all a the inequality

| M ((h;@) — hI(T)| < B**log®/**

holds for all intervals I and all h > hy, where h, depends only on o and ¢ (but
not on I).

Proof. This proposition is a special case of Theorem 1 of [3] and of Theorem 1
of [6].
Proof of Theorem 2. We use the abbreviation

|2 = £ satar+o].

Put 6 = ¢/(n + 1). Using an idea of Littlewood [4, Appendix A], we consider
the integral

1 1
Hawrsa) = [ [ (LE Nltog] T 1+ da -
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This integral has a finite value independent of q,, -++, g,. Hence the sum

o X (gylog'*’qy - q,log' *q,) " I(gy, . q,)

1 qn=1

Ms

q1

is convergent and

[

L) - X - X (alog's, - g,log! e, X |llog| T
is convergent for almost all o, -+, a,.
It is easy to see that the inequality

(11.2) I1Z] <@ g2

has only a finite number of solutions in integers q,, ...,q, for almost every a,, -+, a,.
We are going to show that the upper estimate for X.(h;ay, -+, a,) in (1.5) is true
for every ay, -+, a, such that (11.1) is convergent and (11.2) has only finitely many

solutions. There is a constant ¢ > O such that | X || 2 ¢ "*(g, -*-g,) ~% whence

|log | X ||| = 2log(g; -+ 4.) + loge.

We obtain
X(hsay,sa) < (msa;x (log'*%g, - log'*2 g, |log | X || |'*%)
qis
£ £ @uontta,atog e Zliog| T

< (log h)(l +6)n(log hn)l +6< (lOg h)n+1+a.

We now turn to the proof of the lower bound in (1.5). We are going to apply
Proposition 4 to the sequence a(q) = a,(gq). For almost all reals o and h = h,(a)
one has |M (h;a) — hI(I)| < h** Let o, have this property. Denote the number
of g < h such that ||a,a,(q) + 1| <y by M, ,(h;a,). Then

| M, (h;0y) — 2yh| < B** (h = hy(ay), 0 < y < 1/2, n arbitrary).

Let ko = ko(h) be the largest integer with 2**'< h'/% Then ky,=0 for
h = h,(a,) = max (h,(,),2°). The number N k(h;ay) of g £ h such that

(11.3) 27% < | ayay(g) + 1 S27F

satisfies Ny ,(h;a,) 227" h — 2h%* 2 27" p for every kin 0 < k < k,.
By considering the parts of the sum where (11.3) is satisfied for k =0, ---, k, we
obtain

h ko
Z fewa@+n|™ 2 X 2277 h > hko(h) 2 e(e)hlogh.
q= k=0

Partial summation yields
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h
21 lesas(@) +n ] ~'q ™" = cy(ay)log?h.
=

This inequality holds for arbitrary . By writing n = «,a,(q,) + --- + a,a,(q,) + 0
and taking the sum over g,, -+, g, one finds

Z(h;al’ ""an) g cB(al)logn+lh'

ReMARK. Our method could be used to show the following: The left inequality
of (1.5) is true for arbitrary ay,--,a,_; and a,€a(xy,*+,®,-1), where a(-+-) is a
set containing almost all numbers. The other inequality of (1.5) holds for n-tuples
such that o, € T where 7 is independent of ay,--:,a,_; and contains almost all
numbers.

12. Theorem 3. We define a function n(k,,---,k,) as follows. =(0,---,0) =0,
and if k;,:,k;,, are those ks which are different from zero, then
a(ky, -+, ky) = | ki, ki, | ' In our applications ky, -+, k, will always be integers.
Write exp £ for e*#¥%,

GENERALIZED THECREM OF ERDOS AND TURAN. There are absolute constants
¢,, h =1,2,:-- with the following properties.
Letn21, h 21, and let vectors (0y,,**,%,,) be given (¢ = 1,---,h). Put

h n
X exp ( z a,,,ki) | .
q=1 i=1

Let 1,1, be intervals of C of lengths I(I;) = ; and put y =[]y, Write N
for the number of q, 1 < q < h, such that simultaneously {a;;}€I;(j =1,---,n).
Let m be a positive integer. Then

kg, k) =

V=i se, (bt 4 E ol ko Gk )
ki,oisk. |kjlsm
This theorem is a generalization to n dimensions of a result of Erdds and
Turan [7, Theorem 3]. We shall not give a proof, since the argument in [7] can
easily be extended to our situation.
Proof of Theorem 3. Puto;,=a;q (j=1,---,n; g =1,2,--).

ouky, 5 ky) =

B
ZICXP(Z kg) | < " kyoy + - + ko, " L
q=

Theorem 3 is an immediate consequence of the generalized Erdos-Turan Theorem
with m = h and the fact that

2 n(kl,“',k") " k1“1 + b + k,,a,, "_1 <(]0gm)"+l+’

ky,o0k.t ki) Sm

for almost every a; ---,a,. This fact follows from Theorem 2.
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